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Cardiac muscle has a unique structure and electrophysiology

100 um

A

lllustration Dana Hamers Scientific Art.
Micrograph: Smyth et al. Circulation Research, 2012; 110: 978-989. blue: Connexin 43, green: a-actinin, red: filamentous actin.
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Cardiac muscle has a unique structure and electrophysiology

contracts like a muscle

* transports signals like a nerve

* semi-autonomous

* specializations (e.g. in automaticity)
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ha = Gnam®hj(Vy — Ey,)
om = (me—m)/7,
Oh = (heg—=h)/Ty
0 = (oo—9/7;
m, = [1+exp((—56.86— Vm)/9.03)]’2
Tm = B,
a, = [1+exp((=60—V,)/5)]"
Bm = 0.1/[1+exp((Vy, +35/5))]

+ 0.1/[1 +exp((V;,, — 50)/200))]
he = [1+exp((V,+71 .55)/7.43)]’2
o= (o)

~ o ifv>—4omv
= { 0.057 exp((—V;, + 80)/6.8) otherwise
(10 more lines like that)
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Structural abnormalities play a role in almost all cardiac arrhythmia

e the heart contains 1. to 10 x 10° individual cells

¢ the network microstructure yields (rythmic) synchronisation by fast electrical propagation

atrial fibrillation
Europe: 5 million
Major Cause of Stroke

wnu,u £ ”ﬁ'h 0 ({.f\'l\
NJ*M#M ﬁ At i
heart failure and
ventricular arrhythmias and electrical dyssynchrony
sudden cardiac death Europe: 9 million
Europe: 350 000 deaths/year 350 000 deaths/year
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Almost all work until now relied on homogenization

V- (GiV) =1In
V- (GeVoe) = —

Vm=¢i_¢e
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membrane: .
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Homogenization allows EP modeling from cell to bedside
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but homogeneous models are poor approximations for damaged tissue
* no notion of individual cells
* cannot represent damaged tissue or cellular heterogeneity

¢ damaged tissue is everywhere (ageing, infarction scars, cardiomyopathies, ...)

De Bakker et al. JACC 15:1594-1607 (1990) Hoogendijk et al. Heart Rhythm 7:238-248 (2010)
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so we scale from 200 um to 1 ym
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Consequences

1 mm3

7538 cells

271 million tetrahedra
15 GB storage
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A more complicated model formulation

(V- (Givel) =0, on QF,
V- (GVoe) =0, on Q.
mG = ¢ik — O, on 1"’,;, (Transmem. voltages)
— GV n =GV -n=Crd VE + Eon(VE ), on Tk (Transmem. currents)
— G{‘V([)ik ‘n= Gij Vq)ij ‘n= K(q)ik — ¢ij ), on I'Jgf’j , (Gap junctions)

[ 9y =F(Vn,y), on &
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Our problem
® equations that are hard to solve on a large scale
¢ very large computations will require exascale hardware

- very high degree of parallelism
— heterogeneous hardware
- need resilience to hardware failures

- need to mitigate energy consumption

¢ huge meshes

Solution

K ;: A
e An EU grant for a multidisciplinary collaborative project — p’wgm Jﬁ?é'

5 MICROCARD

V]

K]
¢ Another EU grant for a multidisciplinary collaborative project — 553;;", ~5E7
& MICROCARD

¢ Currently planning to apply for a 3rd EU grant
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The MICROCARD project
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Plusieurs disciplines académiques a faire travailler ensemble

Construire un logiciel qui fonctionne de manieére efficace sur des machines exascalaires et peut étre utile a une
communauté applicative (i.e. servir a mener des campagnes expérimentales en biologie)

¢ mathématique
e informatique

e ingénierie biomédicale

Contribuer a un logiciel open source communautaire
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https://opencarp.org/

Project outline

@ microcard.eu
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The math problem

The domain is composed of N + 1 subdomains (0:
ECM and 1 < k < N: cells) with complex interfaces

* The problem has a solution [PhD P-E. Bécue
2018]

¢ Error estimate for FV approximations [PhD Z.
Chehade 2025]

There is a variational formulation for (¢) in [TY., H' (Q),

N N |
kg() /Qk Vgl?,(TchVzpkdx * Z Z /PM (C’"at(q)’f —¢0) + 1" (P — ¢1, wke)) Prds =0

k=0 {£k

coupled to ODEs on the interfaces Fy/, part of which are semi-linear

0wie = Are(Pr — Pr, W) Wie + B(WiePr — Pr, Wie)

¢ time-dependent transmission conditions for 3D electrostatic eqs. — 2D evolution equation

* very diverse time scales in the ODEs, heterogeneous number of ODEs
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https://theses.hal.science/tel-02019648
https://theses.hal.science/tel-02019648
https://theses.hal.science/tel-05293929v1/
https://theses.hal.science/tel-05293929v1/

Sketched time iteration (example with IMEX Euler)

(M + AEK) ("1 — @) = —At (K®" 4 B[ (BO", W") ) (1)

WL — W = At (A(D", W")W" 4 B(D", W")) )

For P1 finite elements + collocation points, a time step amounts to

* eq. (2): compute complex ionic models on all membrane interfaces (collocation nodes, W piecewise constant
on interfaces)

* eq. (I): solve the large sparse linear system

How to iterate for higher order FE approximation ?

— use spectral deferred correction methods (SDC)
— possibly exponential ones (ESDC)

— repeat the 1st order iteration several times, preserve the level of parallelism
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Why do we need homemade 3D geometries ?
* Available biological images: confocal microscopy with fluorescent markers
¢ But there are challenges

- confocal microscopy has limited depth

— sample size limited to a few millimeters

- interpretation and meshing is difficult

Bl Myocytes
B Es

[ Fibroblasts
I Vessels

/‘;—x

Y

Greiner et al. Front. Physiol., 2018;9:239. doi:10.3389/fphys.2018.00239
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Alternative: weave our own tissue
* can be much larger
* complexity can be constrained

* can also help to improve understanding of tissue structure
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Method to construct a mesh of an artificial cell network

e create a random network of links, add centers, filter result to match known statistics
* build a first mesh, with subdomains containing the cells

¢ define an implicit level set function, remesh

MR

Mmg PLATFORM

* Many bugs or problems in Mmg, because of multimateriality. The geometry is especially complicated

¢ What can be done in parallel ?
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https://www.mmgtools.org/

Example
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Mesh partitionning

¢ partition the mesh nodes, but

— keep the cardiac cells intact ?
— combine two constrains on load balance ?

+ mesh nodes, i.e. solving the linear system
+ interfaces nodes, i.e. computing the membrane and gap junctions currents

* very large size of the mesh — parallel partitionning
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https://gitlab.inria.fr/scotch/scotch
https://gitlab.inria.fr/scotch/scotch

Code generation for ionic models

A DSL (Domain Specific Language — MathML) is used to describe the equations

A Python script generates C++ code... How to improve performance?

— OpenMP parallelization is easy
— vectorization! Compilers can’t do it, even with SIMD pragma, because function evaluations are too complex

— GPU ? Other accelerators, or architectures (FPGA, ARM, EPI, RiscV...)

Solution: give some vectorization tips to the compiler

— leverage the existing infrastructure

— through MLIR (Multi-level Intermediate Representation) (mlir.llvm.org)

Yves Coudiere: Les projets MICROCARD — Horizon Calcul pour les mathématiques, 14 octobre 2025 22


mlir.llvm.org

New compilation scheme

Original OpenCARP

limpet_fe.py

mlir_codegen.py

E

MLIR Dialects
<ionic_model>.h (Vector, OpenMP, Math, Arith, etc.)
<ionic_model>.cc v

""""" 4 TeTeRTTTT compute_<ionic model>mlir();
C++ = LLVM >+
N T
Y W . MLIR = LLVM
[ LLVM Bitcode f > :
LLVM Optimizer
¢ \‘4

[Vectorized LLVM Bitcode]—>[ lonic object file }
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large models

|DDA100DDAVX-512DDbasehne \

Results for the AVX-512 (Intel vector CPU) and A100 (Nvidia GPU)

architectures
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Active energy management

Problems

* application side: load imbalance due to partitionning, algorithmic adaptativeness, variable iteration
numbers...

¢ system side: HW adaptation, runtime system-wide energy saving

Anticipate work imbalances, model performance, measure app and act

— lower frequency scaling
— lower parallelism

— change computational kernel, mixed precision, algorithmic variant...
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Do we need dedicated preconditionning techniques ?

e 1T A0 T8

T3 (3075 TT800T e T T AT

(Contents lists available at ScienceDirect Contents lists available at ScienceDirect
Gomput. Methods Appl. Mech. Engrg.
Comput. Methods Appl. Mech. Engrg. P P
Journathomepage: v vocatiema -
journal homepage: www.elsevier.com/locate/cma
)]
Adaptive BDDC preconditioners for the bidomain model on o
L) unstructured ventricular finite element meshes
Parallel Algebraic Multigrid Solvers for Composite Discontinuous | Talaat Abdelhamid**<, Ngoc Mai Monica Huynh ©°, Stefano Zampini,
Galerkin Discretization of the Cardiac EMI Model in Heterogeneous Rongliang Chen ®, Luca F. Pavarino ©°, Simone Scacchi**
Media 1 s e
Edoardo Centofanti *©-", Ngoc Mai Monica Huynh*®, Luca F. Pavarino*®, A S D i T 0
Simone Scacchi®
|* Department of Mathematics, University of Pavia, via Ferrata 5, Pavia, 27100, I pRTICLE 1NFO AmsTRACT
 Deparimcnt of Mathratis, Univrsiy of Miano, vi Skdin 50, Mo, 20135,y
ARTICLE INFO ABSTRACT
MSC: In this paper, we develop and numerically study algebraic multigrid (AMG) preconditioners for s o]
osvss the cardiac EMI (Extracelular space, cell Membrane, and Intracellular space) model, a recent
eswss and biophysically detailed framework for cadiac =le:"vphysmlnsy “The EMI model addresses

the limitations of traditc

ized cardiac models and leverages contemporary comp-

somogeni
Laconal powe 1 cnble high ttion mlsion t th <l sl Usng & componte
Discontinuous Galerkin (DG) discretization, we introduce an AMG-EMI solver for the three
dimensional EMI model. includes the AMG-EMI per . both
weak and strong, and evaluats its numerical robustess under ischemic conditions, addressing

the challenges of heterogeneous media. Numerical tests exploit state-of the-art pre-exascale
supercomputers with hybrid CPU-GPU architectures. The results indicate better scalability
performance of the AMG-EMI solver on CPUs compared to GPU. However, the best solution
times achieved using GPUs are up to 40x faster than those obtained on CPUS. s st

* AMG methods are preferred ones
¢ Adaptive BDDC methods may perform better on larger test cases and parallel architectures
— adaptive BDDC for the EMI model ?

— are GPU implementation useful ?

Tests include pre-exascale EuroHPC machines, e.g. LEONARDO
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And optimal solver implementation

== Ginkgo

BDDC PRECONDITIONING ON GPUS FOR CARDIAC
SIMULATIONS

Fritz Gobel!  Terry Cojean(0000-0002-1560-921X]  Hartygig Anpt2L[0000-0003-2177-052

October 22, 2024

ABSTRACT

In order to understand cardiac arrhythmia, computer models for clectrophysiology arc essential. In
the BuroHPC MicroCARD project, we adapt the current models and leverage modern computing
resources to model diseased hearts and their microstmuctce accurately. Towards this objective, we
develop a portable, highly efficicnt, and DC foner and solver

tion, demonstrating scalability with over 90% efﬁuemy on up to 100 GPUs.

Keywords BDDC preconditioning - Sparse Lincar Algebra - High Performance Computing - GPUs -
Cardiac simulations

* Support and orchestration of GPUs in OpenCARP ? Memory transfer...

¢ Implementation of AMG and BDDC methods ?

* Support for GPU to solve PDE on unstructured grids ?
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https://ginkgo-project.github.io
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Thank you and see us on microcard.eu / LinkedIn
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Questions

PDEs, unstructured meshes on exascale architectures ?

— adapt discretization methods
— adaptative order in space and time ? Other methods

— numerical analysis: approximation of complex functions (tabulation), mixed precision arithmetic ?

Consider energy to solution, not only time

— collaborate with informatics

— control adaptivity, order, precision, etc

Make sure that HPC is used thoughtfully

— Find “real life” challenges in other disciplines
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